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EQUIPMENT NEEDED

Apple Il Plus, lle, or lic microcomputer
One disk drive

48K memory

Monitor (color capability optional)

STARTING UP

1. Insert a program disk into the disk drive. The label on the disk should be facing up and the
oval cutout pointing inward. Make sure that the diskette is completely inside before closing the
door.

2. Turn on the monitor and the computer. The red light on the disk drive will glow and the drive
will be activated. After 10 seconds, the screen will show the Addison-Wesley triangular lcgo.

3. Allow 15 seconds for the screen to display a list of programs from which to make a selection.
(Note: You can reduce the waiting time by pressing the space bar to reach the program list.) if
your computer is an Apple lic or lle, check to make sure that the Caps Lock key is depressed at
this point.

4. If the program list fails to appear, check to see if your computer and monitor are properly
connected. Should the disk still fail to operate, try one of the following procedures.

HELP

1. If the red light on the disk drive has gone out, open the disk drive door, remove the disk and
turn off the computer; then re-insert the disk, close the door, and turn the computer back on. If
the disk still fails to operate, try another disk.

2. If the red light stays on and the disk drive continues to spin, press the Control key and hold it
down while pressing the Reset key. If the red light then goes out, follow Procedure 1 above. If
the red light stays on, leave the disk drive running and get help.

HANDLING DISKETTES

Each diskette is encased in black plastic to minimize the amount of surface exposed to the
drives. To protect this sensitive electromagnetic surface, please observe the following rules:

1. Never turn the computer off when the disk drive’s red light is on. If you do, you will probably
damage the diskette.

2. Put the disk into the drive before you turn the computer on.
3. Remove the diskette before you turn the computer off.

4. Grasp the diskette by the label, to avoid touching the surface through the holes. Scratched
disks don’t work.

5. Use felt tip pens to write on disk labels; never use pencils or pens.

6. Replace diskettes in their protective wrappers when not in use. Avoid leaving exposed disk-
ettes on a table.

7. Store diskettes away from heat and strong sunlight.

8. Keep disks away from magnets, such as those frequently used at copystands. Exposure to
magnetic fields of the kind generated by power transformers, for example, can damage the
programs permanently.
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Preface

"The purpose of computation is insight, not numbers.”
Richard W, Hamming

We produced The Calculus Toolkit to make it easier for
people to learn and use calculus. There are programs for
insight, exploration, and explamation, programs for solving
equations and evaluating formulas, and programs for drill and
practice. There are programs for graphing functioms,
generating tables of function values, investigating vector
fields, graphing solutions of differential equatioms,
evaluating definite integrals, and exploring limits, conic
sections, and complex numbers. The programs work equally well
in the classroom or laboratory and lend themselves to
individual study as well as professional use.

Neither the programs nor this book require you to have
previous computer experience or amy knowledge of programming.
Each program is controlled from menus that require only a few
keystrokes to activate. You need only type in your numbers and
formulas and push a button, so to speak, to make the programs
go. All programs except the drill and practice programs allow
you to enter any function you want (within reason). Every
program uses the computer’s graphics capabilities to the
greatest extent possible and contains machine language
subroutines for fast execution.

Each program is supported by a chapter in this book. The
chapter begins with a statement of the program’s purpose and a
description of the program’s genmeral operation. It then
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discusses the menus and leads you step-by-step through practice
examples accompanied by reproductions of graphics displays.

The chapter then concludes with exercises that guide further
exploration of the program’s capabilities or calculus subject.

The appendices contain information about what notation to
use in entering algebraic expressions and function formulas
into the computer. There is also a brief answer sectionm.

The machine language plotting subroutines in twelve of the
programs were constructed by George Lewis while he was an
undergraduate mathematics major at the College of the Virgin
Islands. We would like to thank him for this valuable
contribution. We would also like to thank the Concourse
Program students at MIT who produced early versions of some of
the other programs.

We give special thanks to Richard W. Hamming of the U.S.
Naval Postgraduate School for the advice and kind attention
that helped to shape a number of these programs.

Many valuable suggestions came from people who reviewed
the programs as they developed. We would particularly like to
mention

David R, Hill, Temple University

Leslie Hogben, Iowa State University

David Isles, Tufts University

James D. Lang, Valencia Community College

Chris R. Siragusa, Cypress College

Brian J. Winkel, Rose-Hulman Institute of Technology

It is a pleasure to acknowledge the assistance in editing,
review, and design that the staff of AddisomWesley Publishing
Company has given to the preparation of this work.

Any errors that may appear are the responsibility of the
authors. We will appreciate having these brought to our
attention,

June, 1984

OHP%
ermr
1!/:!::':1



A. Super * Grapher (2-D)

1. PURPOSE AND DESCRIPTION

This program graphs functions in rectangular and polar
coordinates. Cartesian and polar functions are entered in the
forms Y = F(X) and R = R(T). Parametric equations are entered
as pairs, in the form X = X(T), Y = Y(T). Any number and
combination of these functions can appear in a single display.

The program checks every formula entered for syntax
before graphing. As it graphs a function, the program ignores
input values that lie outside the function’'s domain. If you
ask for a graph of SQR(X), the square root of X, for X—values
from =10 to 10, for example, the program will respond by
graphing the function over the interval 0 { X { 10.

Formulas entered for functions may contain one or twc
arbitrary constants, Cl and C2, to which you may assign values
to graph selected members from a family of curves.

You may specify the portion of the plame to be displayed
on the screen, the domain of the independent variable X for
cartesian graphs, the domain of the independent variable T for
polar and parametric graphs, the colors of the graphs, and the
number of points to be plotted and connected in making each
graph (3 to 999).

Any display you generate may be saved on a spare disk for
later recall.
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2. STEP BY STEP

Load the program from the disk menmu (allow 50 seconds),
read the greeting message, and press |REITURN| to display the
graph type menu shown in Screen 1, Read the menu and proceed
to Example 1.

| SUPER*GRAPHER |

I1] Graph Y=F(X) (rectangular coord.)
I12] Graph R=R(T) (polar coordinates)
I3] Graph X(T) Y(T) (parametric eq.)
|§| QUIT — leave program

Press the key of your option choice.

Screen 1. The graph type menu.

Example 1. F(X) = SIN(X).

Starting from the graph type menu (Screen 1), press |i|
to call up the cartesian formula display (Screen 2).

[<CURRENT FUNCIIONy |

F(X) = C1 + C2¢SIN(X)

Press |RETURN| to keep this function or
type a new function and press |RETURNI .

Screen 2. The cartesian formula display.
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The program's default (starting) formula for this display,

Cl1 + C2*SIN(X), is the formula for a two—parameter family of
functions. Press |RETURN| to accept the formula and call up
a menu for setting the values of Cl and C2., The display will
change to the one shown in Screen 3.

| C SEITINGS |
F(X) = C1 + C2*SIN(X)

PARAMETERS: C1 = 0

2=1

WINDOW: XMIN = -3.2
XMAX = 6.3
YMIN = -4
YMAX = 6

Number of steps (3 to 999) = 120

Color number of graph (0 to 7) = 3

To keep a value — press |REIURN|.

To change a value — type a new value
and press |REIURNI.

Screen 3. The cartesian settings display.

The settings display in Screen 3 shows the current
values of C1 and C2, with the cursor blinking beneath the
current value of Cl1, Unless you elect to change these
values, the function that will be graphed is

F(X) = 0 + 1*SIN(X),
or simply

F(X) = SIN(X).
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The settings display also shows the current X- and Y-
values of the boundaries of the graphing "window,” that is,
the rectangular region in the plane that will appear on the
screen when the function is graphed. In this case the
graphing window is the region

-3.2 (X(6.3, -4<Y(6.

The line

Number of steps (3 to 999) = 120

that appears on the screen just below the window settings
tells you that the computer will plot and conmect 120 points
to make the graph of F(X) = SIN(X). The step number controls
the balance between the accuracy of the graph and the speed
with which it is drawn. If the number of points (steps) is
small, for example 3 or 10, the graph will be produced
quickly, but with curved portions crudely drawn. If the
number of points is large, say 200 or more, the graph will be
precise but it will take a relatively long time to appear
because of the number of computations involved.,

You may choose one of six colors for the graph:

0 = black 1
4 = black 5

The colors will vary from monitor to momitor, especially on
those without tint controls. For monochrome monitors you may
as well leave the color set at 3.

A black graph does not show against a black background,
but it is sometimes useful to erase a graph by regraphing it
in black.

To continue with the example, accept each of the current
settings, one at a time, by pressing IRETURN|. With each
IRETURN|, the cursor will move to the next line, leaving the
displayed value in place. You will need to press eight
IRETURN|s in all. After the last one, which accepts the
current color value (3 for white), the menu will disappear,

green 2 = purple 3 = white
orange = blue 7 = white
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and you may watch the graph of F(X) = SIN(X),
-3.2 { X 6.3, develop in its place. The completed
graph is shown in Screen 4,

NI NN R aE NN e e B AR RN R I RNt E R Rt R R aRE RS A SRR S RT A IIE Eai RN ek

= -3.2 0 6.3
Y=-4 O 6

F(X) = C1 + C2*SIN(X)
C1=0 C2=
|Press any key to see options|

Screen 4. The graph of F(X) = SIN(X), -PI < X £ 2*PI.

The display .in Screen 4 shows the bounds on the plotting
window, which are X =-3,2 toX=6,3 and Y=-4to Y = 6.
The X—axis is marked in integer steps from X = -3 to X = 6,
The Y-axis is marked in integer steps from Y =-4 to Y = 6.
The formula F(X) = C1 + C2*SIN(X) appears toward the bottom
of the display along with the parameter values Cl1 = 0 and
C2 =1 that determine the particular function graphed here,
F(X) = SIN(X).

When you have studied the display in Screen 4, press the
space bar (or any other standard key) to display a list of
the options now available. The list is shown in Screen 5.
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RECTANGULAR F(X)
|<OPTTONS |
I0l See current display
1l Same F(X) — new window
2| New F(X) — same window
I3 New F(X) — new window
I4] Same F/window — new parameters
Cl Change graph type (Rect/Polar/Para)
IDI Save to disk
|§| QUIT — leave program
Press the key of your option choice,
Screen 5. The rectangular graphing options menu.
Pressing
10l Recalls the graph you just left.
|i| Keeps the current function and current values for Cl1
and C2, but allows you to change XMIN, XMAX, YMIN,
YMAX, the number of plotted points, and the color of
the graph., The graphics screen is erased, and the new
graph plotted.
|z| Allows you to add a new graph to the current display.
You define the new function, and enter the number of
plotted points and color of its graph.
I3] Starts all over with a new function, window, number of
plotted points, and color.
l4] Keeps the same function family (containing C1 and/or

C2) and display but allows you to change the values of



A. SUPER*GRAPHER 7

Cl1 and/or C2, If your function did not contain Cl1 or

C2, Option 4 is not shown,

Sends you back to Screen 1 to change the graph type.

[ Allows you to save your graph on a separate disk. (See
Section 3, later in this chapter.)

Il Returns you to the disk menu.

Just for practice, press I'g'l to return to the graphics
screen, and then |§| again to recall the options menu.

Now press IC| to return to the graph type menu
(Screen 1), This will set the stage for Example 2.

Example 2. The limagon R(T) = 1.5 + 3*C0S(T).

Starting from the graph type menu (Screen 1) press |2]
to call up the polar formula display, shown in Screen 6. The
program’s default formula for this display is

R(T) = C1*(1 + C2#C0S(T)).

the formula for a two—parameter family of polar curves called
limagons, Limagon, pronounced "LEEmasahn,” is an old
French word for snail,

| <CURRENT FUNCTION> |

R(T) = C1*(1 + C2#%COS(T))

Press |RETURN| to keep this function or
type a new function and press |RETURN|.

Screen 6. The polar formula display.

Press |REIURN| to accept the formula and call up a menu
for setting the values of C1 and C2., The display will change
to the one shown in Screen 7.



| < SETTINGS |
R(T) = C1*(1 + COS(T))

PARAMETERS: Cl1 = 1.5

C2=3

WINDOW: XMIN = -3.2
XMAX = 6.3
YMIN = -4
YMAX = 6

DOMAIN FOR T: TMIN = 0
TMAX = 6.3

Number of steps (3 to 999) = 120

Color number of graph (0 to 7) = 3

To keep a value — press IRETURN| .

To change a value — type a new value
and press IRETURNI .

Screen 7. The polar settings display.

The polar settings display is the same as the cartesian
display except for the function formula and the lines that
define the domain of T.

Press |REIURN|s to accept the current values of C1 and
C2, the current bounds on X, Y, and T, and the current number
of plotting steps. Then press |5| IRETURN| to graph the
limagon in orange. The graphics screen from Example 1 will
reappear, and the limagon added to it. When the plot is
complete the display should look like the ome shown in
Screen 8.
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T g
X=-3.2 TO 6.3
Y =-4 TO 6
T=0 T0 6.3

R(T) = C1*(1 + C2*¥COS(T))
C1=1.5 C2=3

|IPress any key to see optionsl|

Screen 8. The graphs of Y = SIN(X) and
R(T) = 1.5 + 4.5 00S(T), 0 { T £ 6.3, together.

After studying the graph of R(T) = 1.5%(1 + 3*COS(T))
=1.5 + 4.5 COS(T) in relation to the graph of Y = SIN(X),
press a key to call up the polar graphing options menu.

The polar graphing options menu is just like the
rectangular graphing options menu shown in Screen 5, except
that the top line now reads POLAR R(T) instead of
RECTANGULAR F(X) and the symbols R(T) and R replace F(X) and
F elsewhere in the menu.

After reading through the menu, press |§| to recall the
graphics display, and |§| again to return to the menu. Then
press |§| to set the stage for Example 3 by calling up the
graph type menu (Screen 1).
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Example 3. X(T) = 3*SIN(2*T),
Y(T) = 3*00S(3*T), 0 < T  6.3.

Starting from the graph type menu (Screen 1), press |3|
to call up the program’s default formula for X(T), which is

X(T) = 3*SIN(C1*T).

Accept this formula by pressing |REIURN|. The program's
default formula for Y(T), namely

Y(T) = 3%C0S(C2*T),

will then be added to the screen. Press |RETURN| to accept
this formula as well, The parametric equation settings menu
will then appear on the screen., Except for the defining
equations for X(T) and Y(T) at the top, the value of C1 (now
2 instead of 1.5), and the color number (changed to 5 from 3
during the course of Example 2), the menu and settings will
be identical with the one shown in Screen 7.

After reading through the menu, press |RETURN|s, to
accept the current values for C1 and C2, the current bounds
on X, Y, and T, and the current number of graphing steps.
Then press |_I_| IRETURN| to graph the parametric equations in
green, The graphics screen from Example 2, Screen 8, will
reappear, and the graph of the equations

X(T) = 3*SIN(2*T), Y(T) = 3*C0S(3*T), 0 < T £ 6.3

will be added to it., The final result should agree with the
one shown in Screen 9.

After viewing the three graphs, press a key to call up
the parametric graphing options screen. The screen will look
like the options screens for cartesian and polar equations
except for the different function names.

This concludes Example 3. If you wish to practice
saving a graph on a separate disk and recalling it again,
then move on to Example 4, the example of the next section.
If you wish instead to practice entering functions to graph,
move on to Examples 5 and 6, the examples of Section 4.
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X(T) = 3*SIN(C1*T)
Y(T) = 3%C0S(C2*T)

C1=2 C2=3

|Press any key to see ggtionsl

Screen 9. The graph of X(T) = 3*SIN(2*T),
Y(T) = 3%C0S(3*T), 0 { T € 6.3 has now been added
to the display in Screen 8.

3. SAVING GRAPHS

This section deals with saving graphs for later use.
You save them on a separate formatted disk, not on the
Toolkit disk. While you can use the program SUPER*GRAPHER
to generate and save a graph, you cannot use SUPER*GRAPHER
to recall it later on. Instead, you must boot the disk that
contains the recorded graph and recall the graph with the
commands

HGR |RETURN|
BLOAD ¢ FILENAME )

as described in the following example.
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Example 4. Saving a graph on a separate disk.

Remove the Toolkit disk from your computer's disk
drive, and put in the formatted disk on which you wish to
save your graph., If you have just completed Example 3 in
the previous section, the graph you save will be the one
shown in Screen 9.

In any case, we suppose here that you have just
generated a graph and pressed a key to call up the
appropriate graph options menu., The menu will have an
Option D that looks like this:

|§| Save display to disk.

Press Ip':l to call up the save graph menu, shown here in
Screen 10.

<{SAVE A GRAPH>
SLOT = 6
DRIVE = 1

GRAPH NAME = SG.3*SIN(C1*T)

PRESS |S|AVE USING THESE SETTINGS
ICIHANGE THESE SETTINGS
ILIIST FILES ON DISK
IRIETURN TO DISPLAY
lalurT

Screen 10, The save menu,

Normally, the disk controller (the circuit board that
controls the disk drives) is in Slot 6 inside the computer,
and Drive 1 is the drive you would use for SUPER*GRAPHER.
If that is the case, there is no need to change the current
settings,

If you have just completed Example 3, the graph name
in the save display will be the one in Screen 10:
SG.3*SIN(C1*T), a name composed of SG. (for SUPER*GRAPHER)
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and the formula 3*SIN(C1*T) most recently used for X(T).
You may save your graph under this name or whatever the
current name is by pressing Ig_l. For practice, however, try
changing the name to SIN(X).

First, press |L| to review the file names already in
use on the disk on which you plan to save your graph, If
the name SIN(X) appears in the catalog, use another name.
(In this discussion we shall continue to use SIN(X).) After
reading the name list, press IRETURN| to recall the save
menu (Screen 10).

Press |§|, change the slot and drive numbers or accept
them with |RETURN|s, as appropriate, and when the cursor
arrives at the graph name enter SIN(X) by pressing |§|
E' |E| |Z| |z| |I| IRETURN|. Then press |§| to save the
graph, The word

{SAVING>

will appear on the screen while the graph is being recorded.
When the process is complete, the graph itself will reappear
on the screen., At this point, pressing any standard key
will recall the graphing options menu and you may continue
with SUPER*GRAPHER,

Instead of continuing with SUPER*GRAPHER in this
example, however, let us recall the graph SIN(X) from the
disk onto which it was just saved.

Press |CIRLIRESEI| (together) and then press |P| IRI
I#l 16l IRETURN| to boot the disk that contains the file
SIN(X). (This assumes you are using Slot 6.) When the file
is loaded, press

I&l I6l IRl IRETORNI
(the display screen will go blank) and then press

IBI ILI lol 1Al Ipl IseAcel ISI 1T INI 1€ IXI 1Y) |RETRNI

The graphs in Screen 9, or whatever graph or graphs you
saved under the name SIN(X), should now appear on the
screen, This concludes Example 4.
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If you wish to continue with SUPER*GRAPHER, you must
now return the Toolkit disk to Drive 1, and begin afresh,

4. GRAPHING YOUR OWN FUNCTION

This section gives practice with entering function
formulas, The examples below involve cartesian curves, but
the methods illustrated apply to polar and parametric curves
as well,

Example 5. F(¥) = 00S(X + 1), -2*PI < X < PI.

Starting from the graph type menu shown in Screen 1, press
EI to call up the cartesian formula display (Screen 2).

If you wanted to graph the displayed equation,

F(X) = C1 + C2*SIN(X), you would just press |RETURN|. To
graph a different equation, just type the new equation over
the old one and press IRETURN|. In this case, the new
equation is shorter than the old ome, but don't worry about
the characters that remain on the screen from the old
equation; they will disappear when you press |REIURN| at the
end of the new equation,

If you make a typing mistake, use the left arrow key,
IZ_—_I. to go back and overstrike the erroneous character with
the correct one. Then use the right arrow key, |=>|, to
return to the end of the formula and press |IRETURNI .

The computer will check every formula you enter for
correct syntax to be sure that it makes sense
mathematically., To see what happens if you leave out the
last parenthesis when you attempt to enter
F(X) = COS(X + 1), press

Icl lol IS] ICI IXI 1%l 11l IRETURNI.
The computer will beep and display the message

Your function is not properly defined.
Please try again,

The cursor will then return to the first character of the
formula you keyed in, in this case "C,” and wait for you to
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enter a correct formula,

To continue the example, press the right arrow key,
'-Z)l. seven times to move the cursor to the place where the
missing right parenthesis should go:

F(X) = 00S(X + 1_

Type a right parenthesis, IYl, followed by |RETURN|.
You should now be ready to set the boundaries of the
graphing window. Press

I=1 121 |2l [Bl IT| IRETURNI

to enter —2*PI (Toolkit notation for —2n) as the new XMIN.
Then enter m as the new XMAX by pressing

IP| IT| IRETURNI.
Accept the displayed values
IMIN = -4, YMAX =6

by pressing two more IRETURN|'s.
Next, enter 20 for the number of steps by pressing

12] lol IRETURNI

and select green for the graph color by pressing El
IRETURN|. The computer will now graph F(X) = COS(X + 1)
over the interval -2*PI ¢ X ( PI,

After examining the graph, notice that the data on the
screen give the eight—place decimal approximations to —2*PI
and PI,

Now press a key to move on to the graphing options menu
for the next example.

Example 6. Graph the functions F(X) = COS(2*X + PI/3) and
G(X) = COS(-.5*X — 1) in a common graph over the interval
—2*%PI { X { 4*PI.

Method 1. Graph F and add the graph of G to the display.

Starting from the cartesian graphing options menu
(Screen 5) press |_3_| for "New F(X)—new window.” When the
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cartesian formula display appears, press

ISl 1ol 181 131 121 131 171 (=1 121 (30 170 130 1)) |REToRN|

to enter the formula for F(X) = COS(2*X + PI/3). Then
change the window settings as necessary to have

XMIN = -2*PI XMAX = 4*PI YMIN=-4 YMAX =6
Set the number of steps at 120, and the color number at 3
(white). The return you press to enter the color number
will start the graphing.

After studying the graph, press a key to return to the
graphing options menu.

To add the graph of COS(-.5*X — 1) to the graph you
have just drawn, you must use the same graphing window.
Therefore, press IZI for "New F(X)—same window,” and then
press

Il ol ISI I<I I=1 1=1 151 1%1 IZ1 I=1 120 1Y) |REToRNI

to enter the new formula. Press

12l ol IRETURNI

to set the number of graphing steps at 40 (just for
practice), and then press |i| IRETURN| to request the graph
in green, The graphs in the final display should look like
the ones in Screen 11,

Now press a key to return to the graphing options menu
and prepare for Method 2.

Method 2. In this method we graph the functions
COS(2*X + PI/3) and COS(-.5%X - 1) together as members of

the family
F(X) = COS(C1*X + C2).

To erase the old graphs and start with a clean graphics
display, press El on the graphing options menu for "New
F(X)—new window.” When the cartesian formula display
appears, press

Il lol ISI 1<l Icl 121 1*1 IZI 1+l Icl 121 1)] |RETURN|
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to enter the formula F(X) = COS(C1*X + C2).

17

X = -6.28318531 TO 12.5663706
Y = -4 ™ 6

F(X) = COS(-.5*X - 1)

IPress any key to see optionsl|

Screen 11, Graphs of COS(2*X + PI/3) and COS(-.5*X - 1).

Next, enter the values

Cl1=2 C2 = PI/3

to select F(X) = COS(2*X + PI/3) as the function to be
graphed.

The displayed window settings should be the same as in

Method 13 accept them by pressing returns. Then set the
number of plotting steps at 120, and the color number at 3
to graph the function.

After viewing the graph to be sure everything is as it

should be, press a key to return to the graphing options
menu,

Now press |§| and enter the values

C1=-.5 =-1
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that select F(X) = C0S(-.5*X - 1) as the function to be
graphed. Then set the number of plotting steps at 40 (for
faster drawing) and the color number at 1. The final
display should be just like the onme in Screen 11, except
that the bottom lines now read

F(X) = 00S(C1*X + C2)
Cl=-.5 C2=-1,

This concludes Example 6.

PROBLEMS
Use SUPER*GRAPHER to graph each of the following functionms.

Rectangular coordinates, Y = F(X)

1. F(X) = SOR(1 - X*X), -2 (X <2,-1<Y(2.
Use 200 steps. Because of the way computer graphics
displays are organized, the appearance of some graphs
may be distorted. For example, the graph of
F(X) = SOR(1 - X*X) may be elliptical instead of
circular, The distortion can be minimized by choosing
window dimensions that satisfy the equation

(XMAX - XMIN) = 1,.6%(YMAX - YMIN).

To see the difference this makes, regraph
F(X) = SQR(1 — X*X) with XMIN = -2.4 and XMAX = 2.4,

2. F(X) =C1*SQR(1 - X*X) with C1 =1 and C1 = -1 in a
common display.

3. F(X)=1/SOR(3-X). —1_<_XS.5) _2$Y$7'
and the number of plotted points set at 200.

4, FX) =INT(X), -5 (X5, -5{Y 5. (INT(X)
is the greatest integer that is less than or equal
to X.)

5. F(X) =X/SQR(X*X +1), -10 (X <10, -1 (Y1,

6. F(X) = (X*X +1)/(X~3 — 4%X), -5 (X6, 4<YS5.
This function has three vertical asymptotes, so set the
number of plotted points at 240,

7. FX) =X +1/X



8.
9.
10.
11.
12.

13,

14.
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F(X) =X*X -X +1

F(X) = (X~3)/3 - X*X/2 - 2% + 1/3
F(X) = X~3 — 27%X + 36

FX) =X/(X +1)

F(X) = SIN(1/X), -2 Y £ 2, for

a) -5 (X5 b)-1(X<2, ¢c)-.5(X(.3
F(X) = X*SIN(1/X), for

a) 1 ¢(X<1, -1£Y(1

b) -.2<X<(.3, -.3Y(.25

¢c) -.02 <X .03, -.015<Y .015
d) —2*PI { X { 3*PI, -.4 <Y 1.2
F(X) = SIN(X) + .7*(RND(1) - .5)

Polar coordinates, R = R(T)

15.

16.

17.

18.

19.

20,

21,

22,

R(T) = SIN(C1*T), taking C1 =1, 2, 3, 4, . . . VWhat
effect does multiplying the variable T by a number
have? (Take X and Y from -1.2 to 1.2.)

R(T) = SIN(T + C1), taking C1 =0, .5, 1, 1.5, . . .
What effect does adding a constant to the variable T
have? (Take X and Y from -1.2 to 1.2.)

R(T) = C1 + SIN(T), taking C1 =0, 1, 2, . . . What
effect does adding a constant to the function R(T)
have? (Take X and Y from -1.2 to 3.5.)

R(T) = SIN(C1*T)*COS(C2*T), R(T) = SIN(C1*T)*SIN(C2*T),
and R(T) = SIN(C1*T). Different choices of Cl1 and C2
will produce "stars,” "flowers,” and "butterflies.”
R(T) = 1 + SIN(2*T)*C0S(3*T), 0 { T < 2*PI.

R(T) = 10/T, taking T from -4 to 12, X from -8 to 20,
and Y from —8 to 8. The curve is a hyperbolic spiral,
R(T) = C1*COS(T). Use different colors to graph R(T)
with C1 = +2, -2, +4 and —4, take T from 0 to 3.2, X
from -1 to 5, and Y from -5 to 5. How do the magnitude
and sign of Cl1 affect the graph?

R(T) = C1/(1 — C1*COS(T)). This is the standard polar
equation for the conic sections, Try C1 = .5, .8, 1,
1.4, 2. For positive values of Cl less than 1, what
conic section do you get? For Cl1 = 1, what conic
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section do you get? What conic section do you get by
taking Cl1 greater than 1?7

Parametric Equations X = X(T), Y = Y(T)

23.

24.

25.

26.

27.

5.

Trochoids: X(T) = C1*T - C2*SIN(T)

Y(T) = C1 — C2*COS(T)
Each of these curves can be thought of as the path of a
point (attached C2 units from the center) on a wheel
(of radius C1) that is rolling along the X-axis. If
Cl1 = C2, then the point is on the edge of the wheel,
and the resulting graph (and path) is called a cycloid.
If C2 is greater than Cl1, then the point can be thought
of as being on a flange that extends beyond the edge of
the wheel, and the resulting path contains loops that
reflect retrograde motion.
Epicycloids:
X(T) = C1*C0S(T) - C2*C0S(T*C1/C2)
Y(T) = C1*SIN(T) — C2*SIN(T*C1/C2)
Each of these curves can be thought of as the path of a
point on a wheel that is rolling around the outside
edge of another wheel. Nice graphs result when Cl1 is
greater than C2 and C2 divides C1,
Hypocycloids: X(T) = C1*(COS(T))A3

Y(T) = C1*(SIN(T))~3

Involutes of a circle:
X(T) = C1*COS(T) + C1*T*SIN(T)
Y(T) = C1*SIN(T) - C1*T*COS(T)
The Witch of Maria Agnesi:
X(T) = C1*COS(T)/SIN(T)
Y(T) = C1*SIN(T)*SIN(T)

GRAPHICALLY

By inspecting the graph of a function you can sometimes

estimate its roots (points where the graph crosses or
touches the X—axis) or the coordinates of the points where
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it meets another curve. When you wish to use a numerical
root finder or equation solver, it can help to know
beforehand how a function behaves,

To learn more about the location of a root or
intersection point, you can use SUPER*GRAPHER as a
"magnifying glass” to expand a small area of the plane to
fill the entire graphical display.

There is a way to save time and typing when you are
trying to find the points of intersection of the graphs of
two functions, say A(X) and B(X). To avoid retyping the
formulas for A and B every time you change windows, enter
F(X) = C1*A(X) + (1 - C1)*B(X) and then assign C1 the values
0 and 1 after each window change. Putting C1 = 0 will set
F(X) = B(X), and putting C1 =1 will set F(X) = A(X). Thus,
A(X) and B(X) can be graphed quickly by changing the
coefficient C1,

PROBLEMS

SUPER*GRAPHER can sometimes be used to approximate the limit
of a function F(X) as X approaches a value C by graphing the
function in a neighborhood of C. Use the "magnifying glass"”
idea to estimate the following limits.,

1. Limit SIN(X)/X

X->0
2. Limit SIN(2%X)/(3*X)
X->0
3. Limit (1 - COS(X))/(X + X*X)
X->0
4, Limit Xa(1/X)
X->0+

SUPER*GRAPHER can sometimes be used to estimate limits
as X approaches infinity by examining the graph of F(X) for
very large values of X, Estimate the following limits by
graphing each function for large values of X.



22 A. SUPER*GRAPHER

5. Limit (29X*X + 5%X + 34)/(5%X*X - 734)
X)) =
6. Limit (1 + 1/X)aX
X
7. Limit SOR(X + 54) - SQR(X)
X e
8. Limit ATN(X)
X))o

6. FINDING NAXINA AND NININA

The techniques of calculus are useful for finding
extreme values (maxima and minima) of functions, and
SUPER*GRAPHFR can help check your results. It can also
provide quick preliminary estimates of extreme values.

PROBLEMS

1., Autocatalytic reactions: A catalyst for a chemical
reaction is a substance that controls the rate of the
reaction without undergoing any permanent change in itself.
An autocatalytic reaction is one whose product is a catalyst
for its own formation. Such a reaction may proceed slowly
at first if the amount of catalyst present is small, and
slowly again at the end when most of the original substance
us used up. But in between, when both the substance and its
product are relatively abundant, the reaction may proceed at
a faster rate. In some cases it is reasonable to assume
that the rate V = DX/DT of the reaction is proportional both
to the amount X of product and to the amount of the original
substance still present. That is, V may be considered to be
a function of X alone, and V = C1*X*(C2 — X), where C2 is
the amount of substance at the beginning, and Cl1 is a
positive constant.
a) Graph V for C1 =1 and try Q2 = 4, 6, 8. Fix Cl1 =2
and try C2 = 4, 6, 8. How does the location of the
maximum seem to depend on the values of Cl1 and C27?
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b) At what value of X does V have a maximum on the
closed interval from 0 to C2? What is the maximum
value of V?

2. Square box, mo top: A Cl by Cl1 square piece of

material is to be made into a box with a square base by
cutting an X by X piece from each corner and folding up the
sides. The volume of the box is F(X) = X*(Cl — 2#X)A2, and
X lies between O and (C1)/2., Estimate the value of X that
maximizes the value of F., Try C1 = 4, 10, and 20, Where
are the maxima for these values of C1? How does the
location of the maximum depend on C1?

3. Smell’s Law: According to Fermat'’s principle in
optics, light follows the path of least travel time.
Suppose you are interested in the path that a ray of light
traveling in the XY-plane will take in going from the point
P(0,1) to the point Q(2,-1) if the velocity of light has the
constant value C1 in the medium above the X—axis and the
constant value C2 in the medium below the X-axis. (See
Fig. 1 on the next page.) In either medium, where the
velocity of light is constant, least time means least
distance, and the light travels along a straight linme.
Hence the light'’s path from P to Q will consist of a line
segment from P to a point R(X,0) on the boundary between the
two media, followed by another line segment from R to Q.
According to the formula time = distance/rate, the
travel time from P to R is SQR(1 — X*X)/C1l and the travel
time from R to Q is SQR(4 — (2 - X)*(2 - X))/C2 or
SQR(4*X — X*X), The total time it will take for the light
to travel from P to Q is therefore

F(X) = SQR(1 - X*X)/C1 + SQR(4*X - X*X)/C2.

Graph F for various values of C1 and C2 and estimate the
location of R(X,0) that minimizes F(X) in each case., You
might start with C1 =1 and C2 = 1.2. Be sure to
investigate cases in which C1 = C2,
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Figure 1. Diagram for Problem 4.

4. Cough: VWhen you cough, your trachea (windpipe)
contracts to increase the velocity of the air you
expel. If Cl is the radius of the trachea at rest and X is

the contracted radius, then F(X) = K*(X — C1)*X*X is a
reasonable model for the velocity of the expelled air. Let
K =1 and estimate graphically the value of X that maximizes
F for various values of C1.

5. [Estimate the extreme values of each of the following
functions on the closed interval from 0 to 2*PI.
a. F(X) = SIN(X) + COS(X) b. F(X) = SIN(X) - COS(X)
c. F(X) = SIN(X)*C0S(X)

L]



B. Name That Function

1. PURPOSE

This program provides experience in working with
parameters in formulas for families of curves.

2. DESCRIPTION

You select a family of linear, quadratic, cubic,
sinusoidal, rational, or exponential functions, and one of
three levels of difficulty. The program then randomly
selects a member of the family with integer coefficients in a
small range and displays the graph. You are asked to
identify the particular curve shown by finding the values of
the coefficients., The function corresponding to your choice
is then graphed. You are then told whether or not your
choice was correct, and you may try again if it was not. The
correct answer is given after ten incorrect attempts, but you
may ask for it earlier. A score based on the number of

attempts and level of difficulty allows you to monitor your
progress.

3. STEP BY STEP

Load the program from the main disk menu, After
reading the greeting message, press IRETURN| to call up the
menu of available functions, shown in Screen 1.

25



26 B. NAME THAT FUNCTION

| CAVAILABLE FUNCITONS) |
1 ... LINEAR

... QUADRATIC

«es CUBIC

... SINE

A b WD

PRESS THE NUMBER OF THE
FAMILY YOU WANT.

Screen 1. The menu of available functionms.

After reading the menu, press |Z| to work with sine
functions, A level-of—-difficulty menu will appear below the
list of function types, as shown in Screen 2. Press |_3_|

| <AVAILABLE FUNCIIONS) |
1 ... LINEAR

... QUADRATIC

... CUBIC

... SINE

6 ... RATIONAL

|
W oHh W

| <LEVEL OF DIFFICULIY) |
1 ... EASIEST
2 ... MODERATE DIFFICULTY
==) 3 ... HARDEST

PRESS |RETURN| TO KEE<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>